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SHARP DIAMETER ESTIMATES FOR COMPACT
MANIFOLD WITH BOUNDARY
HAIZHONG LI AND YONG WEI
Abstract. Let (N, g) be an n-dimensional complete Riemannian man-
ifold with nonempty boundary ∂N . Assume that the Ricci curvature
of N has a negative lower bound Ric ≥ −(n − 1)c2 for some c > 0,
and the mean curvature of the boundary ∂N satisfies H ≥ (n− 1)c0 >
(n − 1)c for some c0 > c > 0. Then a known result (see [12]) says
that sup
x∈N
d(x, ∂N) ≤ 1
c
coth−1 c0
c
. In this paper, we prove that if the
boundary ∂N is compact, then the equality holds if and only if N is
isometric to the geodesic ball of radius 1
c
coth−1 c0
c
in an n-dimensional
hyperbolic space Hn(−c2) of constant sectional curvature −c2. More-
over, we also prove an analogous result for manifold with nonempty
boundary and with m-Bakry-E´mery Ricci curvature bounded below by
a negative constant.
1. Introduction
Let (N, g) be an n-dimensional complete Riemannian manifold. The clas-
sical Bonnet and Myers’ theorem says that if the Ricci curvature of (N, g)
has a positive lower bound Ric ≥ (n − 1)c2 > 0, then the diameter of N is
at most pi/c. Cheng [4] proved that if the diameter is equal to pi/c, then N
is isometric to the n-sphere of constant sectional curvature c2.
Recently, M. M. Li [10] considered n-dimensional complete Riemannian
manifold (N, g) with nonnegative Ricci curvature and with mean convex
boundary ∂N . M. M. Li proved that if the mean curvature of the boundary
∂N satisifes H ≥ (n− 1)c0 > 0 for some constant c0 > 0, then
sup
x∈N
d(x, ∂N) ≤
1
c0
, (1.1)
where d denotes the distance function on N . Moreover, if ∂N is compact,
thenN is also compact and equality holds in (1.1) if and only ifN is isometric
to an n-dimensional Euclidean ball of radius 1/c0. Here the mean curvature
H of ∂N is defined as the trace of the second fundamental form of ∂N in
N , that is, H =
∑n−1
i=1 〈∇¯eiν, ei〉 for any orthonormal basis e1, · · · , en−1 of
tangent bundle T∂N , with respect to the outward unit normal ν of ∂N .
Note that by a similar argument as in the proof of the inequality (1.1), if
the Ricci curvature of N has a negative lower bound Ric ≥ −(n − 1)c2 for
The research of the authors was supported by NSFC No. 11271214.
1
2 HAIZHONG LI AND YONG WEI
c > 0, and the mean curvature of the boundary ∂N satisifes H ≥ (n−1)c0 >
(n− 1)c for some constant c0 > c > 0, then one can prove that
sup
x∈N
d(x, ∂N) ≤
1
c
coth−1
c0
c
. (1.2)
In fact the distance bound (1.1) and (1.2) can be viewed as a Riemannian
version of Hawking’s singularity theorem (see e.g. [6]). The proof of the
distance bound (1.1), (1.2) is a standard argument by using the second
variation formula of arc-length and can be found in Yanyan Li and Luc
Nguyen’s paper [12, section 2]. In the first part of this paper, we study the
equality case of (1.2). We have
Theorem 1.1. Let (Nn, g) be an n-dimensional complete Riemannian man-
ifold with nonempty boundary ∂N . Assume that the Ricci curvature of N
has a lower bound Ric ≥ −(n−1)c2 for some c > 0, and the mean curvature
of the boundary ∂N satisifes H ≥ (n−1)c0 > (n−1)c > 0 for some constant
c0 > c > 0. Then we know that the diameter estimate (1.2) holds in N .
If ∂N is compact, then (1.2) implies that N is also compact. We show
if the equality holds in (1.2), then N is isometric to a geodesic ball of ra-
dius 1
c
coth−1 c0
c
in an n-dimensional hyperbolic space Hn(−c2) of constant
sectional curvature −c2.
The proof of Theorem 1.1 will be given in section 2. We first include
the proof of the distance bound (1.2) for convenience of readers (see [12]).
Then we consider the rigidity result when the equality occurs in (1.2). By
rescaling of metric, it suffices to consider the case c = 1. The proof can
be roughly divided into three parts. Firstly, by a Frankel type argument
(see [8, 10]), we show that under the curvature assumption of Theorem 1.1,
the boundary ∂N is connected. Secondly, by using a similar argument as in
M. M. Li’s paper [10], we show that if the equality occurs in (1.2), then N
is a geodesic ball of radius coth−1 c0 centered at some point x0. Finally, by
showing that the Laplacian comparison (2.6) assumes equality everywhere in
N , we obtain that N has constant sectional curvature −1 and is isometric
to the hyperbolic ball. In the last step of the proof, a Heintze-Karcher’s
argument [7] will be used and is a key ingredient to the proof.
Let (Nn, g) be an n-dimensional complete smooth Riemannian manifold
and f be a smooth function on N . We denote ∇¯, ∆¯ and ∇¯2 the gradient,
Laplacian and Hessian operator on N with respect to g, respectively. Given
m ∈ [n,∞), the m-Bakry-E´mery Ricci curvature of (N, g) (see [2]) is defined
by
Ricmf = Ric+ ∇¯
2f −
1
m− n
∇¯f ⊗ ∇¯f, (m > n). (1.3)
When m = ∞, the last term of (1.3) is interpreted as 0 and this gives the
Bakry-E´mery Ricci curvature Ricf = Ric + ∇¯
2f . When m = n, this term
only makes sense if f is constant and in this case Ricmf := Ric.
SHARP DIAMETER ESTIMATES FOR COMPACT MANIFOLD WITH BOUNDARY 3
Recently, the study of manifold with m-Bakry-E´mery Ricci curvatures
Ricmf attracts many interests. Analogous to the Ricci curvature case, if
one assumes that the m-Bakry-E´mery Ricci curvature of (N, g) satisfies
Ricmf ≥ (m − 1)c
2 > 0, Qian [18] proved that diam(N) ≤ pi/c and then
Ruan [19] proved that equality holds if and only if N is isometric to the
n-sphere of constant sectional curvature c2. Recenlty, the authors [9] proved
an analogous result of M. M. Li’s theorem [10] in the m-Bakry-E´mery Ricci
curvature case. Let (Nn, g) be an n-dimensional complete Riemannian man-
ifold with nonempty boundary ∂N and f be a smooth function on N . The
f -mean curvature Hf of ∂N in N is given by Hf = H − 〈∇¯f, ν〉, where H
is the mean curvature of ∂N in N and ν is the outward unit normal of ∂N .
When f is constant, Hf is just the mean curvature H. Assume that the
m-Bakry-E´mery Ricci curvature is nonnegative on N , and the f -mean cur-
vature of the boundary ∂N satisifes Hf ≥ (m− 1)c0 > 0 for some constant
c0 > 0. Then the authors [9] proved that
sup
x∈N
d(x, ∂N) ≤
1
c0
. (1.4)
Moreover, if we assume that ∂N is compact, then N is also compact and
equality holds in (1.4) if and only if N is isometric to an n-dimensional
Euclidean ball of radius 1/c0.
In the second part of this paper, we consider the manifold with nonempty
boundary and with m-Bakry-E´mery Ricci curvature bounded below by a
negative constant.
Theorem 1.2. Let (Nn, g) be an n-dimensional complete Riemannian man-
ifold with nonempty boundary and f be a smooth function on N . If the
m-Bakry-E´mery Ricci curvature of N has a negative lower bound, i.e.,
Ricmf ≥ −(m − 1)c
2 for some constant c > 0 on N , and the f -mean cur-
vature of the boundary ∂N satisifes Hf ≥ (m − 1)c0 > (m − 1)c for some
constant c0 > c > 0, then we have the distance bound:
sup
x∈N
d(x, ∂N) ≤
1
c
coth−1
c0
c
. (1.5)
If ∂N is compact, then (1.5) shows that N is compact. Moreover, if the
equality holds in (1.5), we have m = n, and N is isometric to a geodesic
ball of radius 1
c
coth−1 c0
c
in an n-dimensional hyperbolic space Hn(−c2) of
constant sectional curvature −c2.
The proof of Theorem 1.2 is similar with the proof of Theorem 1.1 with
some adjustment. Without loss of generality, we assume that c = 1. When
the equality occurs in (1.5), arguing as the proof of Theorem 1.1 we show
that N is equal to a geodesic ball of radius coth−1 c0 centered at some point
x0 and, the f -Laplacian comparison (3.7) assumes equality everywhere in
N . There the generalized Heintze-Karcher theorem due to V. Bayle [1] (see
also [14,15]) plays an important role. Finally, by using the Reilly formula for
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Bakry-E´mery Ricci curvature (see [9, 16]), we show that m = n and reduce
to the case of Theorem 1.1 and complete the proof of Theorem 1.2.
2. Proof of Theorem 1.1
Firstly, for convenience of readers, we include the proof of (1.2) here
(see [12]). For any point x ∈ N , since N is complete, there exists a geodesic
γ : [0, d] → N parametrized by arc length with γ(0) = x, γ(d) ∈ ∂N and
d = d(x, ∂N). Choose an orthonormal basis e1, · · · en−1 for Tγ(d)∂N and
let ei(s) be the parallel transport of ei along γ. Let Vi(s) = ϕ(s)ei(s) with
ϕ(0) = 0 and ϕ(d) = 1. From the first variation formula, we have that for
each 1 ≤ i ≤ n− 1
0 = δγ(Vi) =〈γ
′(d), Vi(d)〉 − 〈γ′(0), Vi(0)〉 −
∫ d
0
〈γ′′(s), Vi(s)〉ds
=〈γ′(d), ei(d)〉,
which implies that γ′(d) is orthogonal to ∂N at γ(d). The second variation
formula gives that
0 ≤
n−1∑
i=1
δ2γ(Vi, Vi) =
∫ d
0
(
(n− 1)ϕ′(s)2 − ϕ(s)2Ric(γ′(s), γ′(s))
)
ds
+ 〈∇¯Vi(d)Vi(d), γ
′(d)〉 − 〈∇¯Vi(0)Vi(0), γ
′(0)〉
=
∫ d
0
(
(n− 1)ϕ′(s)2 − ϕ(s)2Ric(γ′(s), γ′(s))
)
ds−H(γ(d)).
Since Ric ≥ −(n− 1)c2 in N and H ≥ (n− 1)c0 > (n− 1)c > 0 on ∂N , the
above inequality implies
0 ≤
∫ d
0
(ϕ′(s)2 + c2ϕ2(s))ds − c0. (2.1)
Choose
ϕ(s) =
sinh(cs)
sinh(cd)
, 0 ≤ s ≤ d,
which satisfies ϕ(0) = 0 and ϕ(d) = 1. By substituting the above choosen
ϕ(s) into (2.1), we have
c0 ≤ c coth(cd). (2.2)
Therefore we have d ≤ 1
c
coth−1 c0
c
and this is the distance bound (1.2).
The next lemma says that under the assumption of Theorem 1.1, the
boundary ∂N is connected.
Lemma 2.1. Let (Nn, g) be an n-dimensional complete Riemannian mani-
fold with nonempty boundary ∂N . Assume that the Ricci curvature of N has
a lower bound Ric ≥ −(n − 1)c2, and the mean curvature of the boundary
∂N satisifes H ≥ (n− 1)c0 > (n − 1)c for some constant c0 > c > 0. Then
the boundary ∂N is connected.
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Proof. We use the similar argument as in [8, 10]. Suppose ∂N is not con-
nected, let Σ be one of its components. Then Σ and ∂N \Σ have a positive
distance apart, i.e., d(Σ, ∂N \Σ) = l > 0. Since Σ and ∂N \Σ are compact,
there exists a minimizing geodesic γ : [0, l]→ N parametrized by arc-length
which realize the distance between Σ and ∂N \ Σ. Note that γ(0) ∈ Σ,
γ(l) ∈ ∂N \ Σ and γ(s) lies in the interior of N for all s ∈ (0, l). More-
over, γ′(0)⊥Tγ(0)∂N and γ′(l)⊥Tγ(l)∂N , i.e.,γ is a free boundary geodesic.
Choose an orthonormal basis e1, · · · , en−1 for Tγ(0)∂N and let ei(s) be the
parallel transport of ei along γ. Let Vi(s) = ϕ(s)ei(s) with ϕ(0) = ϕ(l) = 1.
Then the second variation formula of arc length gives that
0 ≤
n−1∑
i=1
δ2γ(Vi, Vi) =
∫ l
0
(
(n − 1)ϕ′(s)2 − ϕ(s)2Ric(γ′(s), γ′(s))
)
ds
+ 〈∇¯Vi(l)Vi(l), γ
′(l)〉 − 〈∇¯Vi(0)Vi(0), γ
′(0)〉
=
∫ l
0
(
(n − 1)ϕ′(s)2 − ϕ(s)2Ric(γ′(s), γ′(s))
)
ds
−H(γ(l)) −H(γ(0)). (2.3)
Now we choose
ϕ(s) =
cosh c(s − l2)
cosh(cl/2)
, 0 ≤ s ≤ l.
Then ϕ(0) = ϕ(l) = 1. Substituting the above chosen ϕ(s) into (2.3),and
using the assumptionRic ≥ −(n−1)c2 inN andH ≥ (n−1)c0 > (n−1)c > 0
on ∂N , we obtain
0 ≤ 2(n− 1)c tanh(
cl
2
)− 2(n − 1)c0. (2.4)
Since l is the distance of Σ and ∂N \ Σ and γ(t) realizes this distance, we
have l ≤ 2 supx∈N d(x, ∂N) ≤
2
c
coth−1 c0
c
by (1.2). Therefore the right-hand
side of (2.4) is bounded from above by
2(n− 1)c tanh(coth−1
c0
c
)− 2(n − 1)c0
=
2(n− 1)
c0
(c2 − c20) < 0,
which is a contradiction. We conclude that the boundary ∂N is connected.

Now we continue the proof of Theorem 1.1. Assume that ∂N is compact,
then (1.2) implies N is also compact. Suppose equality holds in (1.2). By
rescaling the metric of N , we can assume that c = 1. Since N is compact,
there exists one point x0 ∈ N such that
d(x0, ∂N) = coth
−1 c0. (2.5)
We denote ρ0 = coth
−1 c0 for simplicity. We first show that
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Lemma 2.2. Under the assumption of Theorem 1.1, if the equality holds in
(1.2), then N is equal to the geodesic ball of radius ρ0 centered at x0.
Proof. It is clear that the geodesic ball Bρ0(x0) of radius ρ0 centered at x0 is
contained in N . We show that N is just equal to the geodesic ball Bρ0(x0).
Let ρ = d(x0, ·) be the distance function from x0. Since the Ricci curvature
of N satisfies Ric ≥ −(n− 1), the Laplacian of ρ satisfies (see [17,20])
∆¯ρ ≤ (n− 1) coth ρ, (2.6)
in the sense of distribution. Let Σ = {q ∈ ∂N : ρ(q) = ρ0}, which is
clearly a closed set in ∂N by the continuity of ρ. Since ∂N is connected,
to show Σ = ∂N , it suffices to show that Σ is also open in ∂N , that is for
any q ∈ Σ, there is an open neighborhood U of q in ∂N such that ρ ≡ ρ0
on U . If q is not a conjugate point to x0 in N , then the geodesic sphere
∂Bρ0(x0) is a smooth hypersurface near q in N . Note that ∆¯ρ is the mean
curvature H of the geodesic sphere and ρ = ρ0 on the geodesic sphere, by
the Laplacian comparison inequality (2.6), we have that the mean curvature
H of the geodesic sphere is at most (n− 1)c0. However, by the assumption
of Theorem 1.1, the mean curvature of ∂N is at least (n− 1)c0. Then from
the maximum principle (see [5]), we have that ∂N and ∂Bρ0(x0) coincides
in a neighborhood of q. This implies that Σ is open near any q which is not
a conjugate point. A similar process in [10] (see also Calabi [3]) makes us
to work through the argument to conclude that ρ is constant near q in ∂N ,
when q is a conjugate point of x0. This proves that ∂N is just the geodesic
sphere ∂Bρ0(x0) and N is the geodesic ball Bρ0(x0) of radius ρ0 centered at
x0. 
Since any q ∈ ∂N can be joined by a minimizing geodesic γ parameterized
by arc-length from x0 to q, and γ is orthogonal to ∂N = ∂Bρ0(x0) at q, the
geodesic γ is uniquely determined by q and q is not in the cut locus of x0. So
that ρ = d(x0, ·) is smooth up to the boundary ∂N . From the proof of lemma
2.2, the mean curvature H of the boundary ∂N satisfies H = (n−1) coth ρ0.
Since ∂N is the geodesic sphere ∂Bρ0(x0), the Laplacian of ρ is equal to the
mean curvature H on the boundary ∂N . Therefore
∆¯ρ = (n− 1) coth ρ, (2.7)
holds on the boundary ∂N . We next show that (2.7) holds everywhere in
N .
On the one hand, since Ric ≥ −(n− 1) on N , the Laplacian comparison
(2.6) for ρ holds in the classical sense. Note that |∇¯ρ| = 1 in N , then we
have
∆¯ cosh ρ = ∆¯ρ sinh ρ+ cosh ρ|∇¯ρ|2 ≤ n cosh ρ.
Integrating the above inequality over N and by divergence theorem, we have∫
∂N
sinh ρ〈∇¯ρ, ν〉dµ ≤ n
∫
N
cosh ρdv,
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where ν is the outward unit normal of ∂N in N and dµ, dv are volume
elements on ∂N and N respectively. Note that ρ = ρ0 and 〈∇¯ρ, ν〉 = 1 on
∂N , the above inequality gives that
∫
∂N
sinh ρ0dµ ≤ n
∫
N
cosh ρ(x)dv. (2.8)
On the other hand, we prove the reversed inequality also holds in (2.8).
Lemma 2.3. We have∫
∂N
sinh ρ0dµ ≥ n
∫
N
cosh ρ(x)dv. (2.9)
Proof. The proof is inspired by Heintze-Karcher’s paper [7]. Note that any
q ∈ ∂N can be joined by a minimizing geodesic γ parameterized by arc-
length from x0 to q, and γ is orthogonal to ∂N = ∂Bρ0(x0) at q, the geodesic
γ is uniquely determined by q and q is not in the cut locus of x0. The
exponential map of the normal bundle T⊥∂N of ∂N in N is surjective. For
any q ∈ ∂N , the curve γ(t) = expq(−tν) (0 ≤ t ≤ ρ0) is the geodesic
connecting q and x0, i.e., γ(ρ0) = x0. We have∫
N
cosh ρ(x)dv ≤
∫
∂N
∫ ρ0
0
cosh ρ(expq(−tν(q)))|det(d expq)t,ν |dtdµq,
Since Ric ≥ −(n− 1) in N , Corollary 3.3.2 of [7] gives that
|det(d expq)tν | ≤ (cosh t−
H(q)
n− 1
sinh t)n−1. (2.10)
Note that ρ(expq(−tν(q))) = ρ0 − t, and
cosh(ρ0 − t) = cosh ρ0 cosh t− sinh ρ0 sinh t
= sinh ρ0(coth ρ0 cosh t− sinh t).
From the proof of Lemma 2.2, we have H(q) = (n − 1) coth ρ0 on ∂N . So
we have∫
N
cosh ρ(x)dv ≤ −
∫
∂N
∫ ρ0
0
1
n
sinh ρ0
d
dt
(cosh t− coth ρ0 sinh t)
ndtdµq
=
1
n
∫
∂N
sinh ρ0dµ
which gives the inequality (2.9). 
Combining (2.8) and (2.9), we have that (2.7) holds everywhere in N .
Thus we conclude that N has constant sectional curvature −1 and is isomet-
ric to the hyperbolic ball (see [17]). The proof of Theorem 1.1 is completed.
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3. Proof of Theorem 1.2
Firstly, the proof of diameter estimate (1.5) is similar with the proof of
(1.2), which is also by using the second variation formula of arc-length. For
any point x ∈ N , since N is complete, there exists a geodesic γ : [0, d]→ N
parametrized by arc-length with γ(0) = x, γ(d) ∈ ∂N and d = d(x, ∂N).
Choose an orthonormal basis e1, · · · en−1 for Tγ(d)∂N and let ei(s) be the
parallel transport of ei along γ. Let Vi(s) = ϕ(s)ei(s) with ϕ(0) = 0 and
ϕ(d) = 1. The first variation formula implies that γ′(d) is orthogonal to ∂N
at γ(d). The second variation formula gives that
0 ≤
n−1∑
i=1
δ2γ(Vi, Vi) =
∫ d
0
(
(n− 1)ϕ′(s)2 − ϕ(s)2Ric(γ′(s), γ′(s))
)
ds−H(γ(d)).
By the definition of m-Bakry-E´mery Ricci curvature, we have
0 ≤
∫ d
0
(
(n− 1)ϕ′(s)2 − ϕ(s)2Ricmf (γ
′(s), γ′(s))
)
ds−H(γ(d))
+
∫ d
0
ϕ(s)2
(
∇¯2f(γ′(s), γ′(s))−
1
m− n
〈∇¯f(γ(s)), γ′(s)〉2
)
ds
=
∫ d
0
(
(n− 1)ϕ′(s)2 − ϕ(s)2Ricmf (γ
′(s), γ′(s))
)
ds−H(γ(d))
+
∫ d
0
ϕ(s)2
(
d2
ds2
f(γ(s))−
1
m− n
(
d
ds
f(γ(s)))2
)
ds (3.1)
where we used the facts
d
ds
f(γ(s)) = 〈∇¯f(γ(s)), γ′(s)〉
and
d2
ds2
f(γ(s)) =∇¯2f(γ′(s), γ′(s)).
By integration by parts, we deduce from (3.1) that
0 ≤
∫ d
0
(
(n − 1)ϕ′(s)2 − ϕ(s)2Ricmf (γ
′(s), γ′(s))− 2ϕ(s)ϕ′(s)
d
ds
f(γ(s))
−
1
m− n
ϕ(s)2(
d
ds
f(γ(s)))2
)
ds+ ϕ(d)2〈∇¯f(γ(d)), γ′(d)〉
− ϕ(0)2〈∇¯f(γ(0)), γ′(0)〉 −H(γ(d)). (3.2)
Note that ϕ(0) = 0, ϕ(d) = 1 and γ′(d) is equal to the outward unit normal
vector ν at γ(d) ∈ ∂N . The f -mean curvature Hf at γ(d) is
Hf (γ(d)) = H(γ(d)) − 〈∇¯f(γ(d)), ν(γ(d))〉.
Moreover, the Cauchy-Schwartz inequality implies
−2ϕ(s)ϕ′(s)
d
ds
f(γ(s)) ≤ (m− n)ϕ′(s)2 +
1
m− n
ϕ(s)2(
d
ds
f(γ(s)))2.
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Thus from (3.2), we have
0 ≤
∫ d
0
(
(m− 1)ϕ′(s)2 − ϕ(s)2Ricmf (γ
′(s), γ′(s))
)
ds−Hf (γ(d)). (3.3)
Choose
ϕ(s) =
sinh(cs)
sinh(cd)
, 0 ≤ s ≤ d,
which satisfies ϕ(0) = 0 and ϕ(d) = 1. Since Ricmf ≥ −(m− 1)c
2 in N and
Hf ≥ (m− 1)c0 > (m− 1)c on ∂N , by substituting the above choosen ϕ(s)
into (3.3), we have
c0 ≤ c coth(cd). (3.4)
Therefore we have d ≤ 1
c
coth−1 c0
c
and this is the distance bound (1.5).
If the boundary ∂N is compact, then (1.5) implies N is also compact.
Next we prove the rigidity result when the equality occurs in (1.5). As in
the proof of Theorem 1.1, the curvature assumption of Theorem 1.2 implies
the boundary ∂N is connected.
Lemma 3.1. Under the curvature assumption of Theorem 1.2, the boundary
∂N is connected.
Proof. The proof is also by a Frankel type argument, see lemma 2.1. We
include a proof here for exhibiting the adjustment. Suppose ∂N is not
connected, let Σ be one of its components. Let γ(s) (0 ≤ s ≤ l) be the free
boundary geodesic realizing the distance between Σ and ∂N \ Σ. Choose
an orthonormal basis e1, · · · , en−1 for Tγ(0)∂N and let ei(s) be the parallel
transport of ei along γ. Let Vi(s) = ϕ(s)ei(s) with ϕ(0) = ϕ(l) = 1. Then
the second variation formula of arc-length gives that
0 ≤
n−1∑
i=1
δ2γ(Vi, Vi) =
∫ l
0
(
(n − 1)ϕ′(s)2 − ϕ(s)2Ric(γ′(s), γ′(s))
)
ds
+ 〈∇¯Vi(l)Vi(l), γ
′(l)〉 − 〈∇¯Vi(0)Vi(0), γ
′(0)〉
=
∫ l
0
(
(n − 1)ϕ′(s)2 − ϕ(s)2Ric(γ′(s), γ′(s))
)
ds
−H(γ(l)) −H(γ(0)).
By the definition of m-Bakry-E´mery Ricci curvature, and using the Cauchy-
Schwartz inequality as in the proof of (1.5), we have
0 ≤
∫ l
0
(
(m− 1)ϕ′(s)2 − ϕ(s)2Ricmf (γ
′(s), γ′(s))
)
ds
−Hf(γ(l)) −Hf (γ(0)). (3.5)
Since Ricmf ≥ −(m− 1)c
2 in N and Hf ≥ (m− 1)c0 > (m− 1)c > 0 on ∂N ,
we can argue as the proof of lemma 2.1 to get a contradiction by choosing
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the function
ϕ(s) =
cosh c(s − l2)
cosh(cl/2)
, 0 ≤ s ≤ l.
in (3.5). Then we conclude that the boundary ∂N is connected. 
Now assume that the equality occurs in (1.5). Without loss of generality,
we assume that c = 1. By the compactness of N , there exists one point
x0 ∈ N such that
d(x0, ∂N) = coth
−1 c0. (3.6)
We also denote ρ0 = coth
−1 c0 for simplicity.
Lemma 3.2. Under the assumption of Theorem 1.2, if the equality holds in
(1.5), then N is equal to the geodesic ball of radius ρ0 centered at x0.
Proof. The proof is similar with the proof of lemma 2.2. The only differ-
ence is that we replace the Laplacian comparison (2.6) by the following
f -Laplacian comparison. Since Ricmf ≥ −(m − 1) in N , the f -Laplacian
comparison of the distance function ρ(x) = d(x0, x) due to Qian [18] says
that
∆¯fρ(x) := ∆¯ρ(x)− ∇¯f · ∇¯ρ(x) ≤ (m− 1) coth ρ(x). (3.7)
holds in the sense of distribution. 
Next we show that the f -Laplacian comparison (3.7) assumes equality
everywhere in N . From lemma 3.2, N is the geodesic ball of radius ρ0
centered at x0. Any q ∈ ∂N can be joined by a minimizing geodesic γ
parameterized by arc-length from x0 to q, and γ is orthogonal to ∂N =
∂Bρ0(x0) at q. The geodesic γ is uniquely determined by q and q is not in
the cut locus of x0. Then the distance function ρ(x) is smooth up to the
boundary ∂N . The f -Laplacian comparison (3.7) implies
∆¯f cosh ρ(x) = ∆¯fρ(x) sinh ρ(x) + cosh ρ(x)|∇¯ρ(x)|
2 ≤ m cosh ρ(x).
Integrating the above inequality over N with respect to the weighted volume
element e−fdv and by divergence theorem, we have∫
∂N
sinh ρ〈∇¯ρ, ν〉e−fdµ ≤ m
∫
N
cosh ρ(x) e−fdv,
where ν is the outward unit normal of ∂N in N . Note that ρ = ρ0 and
〈∇¯ρ, ν〉 = 1 on ∂N , the above inequality gives that∫
∂N
sinh ρ0e
−fdµ ≤ m
∫
N
cosh ρ(x)e−fdv. (3.8)
On the other hand, we prove the reversed inequality also holds in (3.8).
Lemma 3.3. We have∫
∂N
sinh ρ0e
−fdµ ≥ m
∫
N
cosh ρ(x)e−fdv. (3.9)
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Proof. To show (3.9), we need the generalized Heintze-Karcher theorem due
to V. Bayle [1]. Note that any q ∈ ∂N can be joined by a minimizing
geodesic γ parameterized by arc-length from x0 to q, and γ is orthogonal to
∂N = ∂Bρ0(x0) at q, the geodesic γ is uniquely determined by q and q is not
in the cut locus of x0. The exponential map of the normal bundle T
⊥∂N
of ∂N in N is surjective. For any q ∈ ∂N , the curve γ(t) = expq(−tν)
(0 ≤ t ≤ ρ0) is the geodesic connecting q and x0, i.e., γ(ρ0) = x0. Since
Ricmf ≥ −(m − 1) in N , the generalized Heintze-Karcher theorem in [1]
implies∫
N
cosh ρ(x)e−fdv
≤
∫
∂N
∫ ρ0
0
cosh ρ(expq(−tν(q)))(cosh t−
Hf (q)
m− 1
sinh t)m−1dte−f(q)dµq,
Note that ρ(expq(−tν(q))) = ρ0 − t and
cosh(ρ0 − t) = cosh ρ0 cosh t− sinh ρ0 sinh t
= sinh ρ0(coth ρ0 cosh t− sinh t).
From the proof of lemma 3.2 we have Hf (q) = (m − 1) coth ρ0 on ∂N .
Therefore ∫
N
cosh ρ(x)e−fdv
≤ −
∫
∂N
∫ ρ0
0
1
m
sinh ρ0
d
dt
(cosh t− coth ρ0 sinh t)
mdte−f(q)dµq
=
1
m
∫
∂N
sinh ρ0e
−fdµ
which gives the inequality (3.9). 
Combining (3.8) and (3.9), the f -Laplacian comparison inequality (3.7)
assumes equality everywhere in N , i.e., we have that
∆¯fρ(x) = (m− 1) coth ρ(x) (3.10)
holds in the classical sense everywhere in N . Finally, we show that m = n.
Lemma 3.4. We have m = n.
Proof. Recall that for any function u ∈ C3(N), Ma-Du [16] obtained the
following Reilly formula for Bakry-E´mery Ricci curvature Ricf :
0 =
∫
N
(Ricf (∇¯u, ∇¯u)− |∆¯fu|
2 + |∇¯2u|2)e−fdv (3.11)
+
∫
∂N
(
(∆fu+Hf
∂u
∂ν
)
∂u
∂ν
− 〈∇u,∇
∂u
∂ν
〉+ h(∇u,∇u)
)
e−fdµ.
Here, ∆¯f = ∆¯−∇¯f ·∇¯, ∇¯ and ∇¯
2 are the f -Laplacian, gradient and Hessian
on N respectively; ∆f = ∆−∇f ·∇ and ∇ are the f -Laplacian and gradient
operators on ∂N ; ν is the outward unit normal of ∂N ; Hf and h are the
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f -mean curvature and second fundamental form of ∂N in N with respect to
ν respectively.
Suppose on the contrary we have m > n, let z = m
n
and by the basic
algebraic inequality (a+ b)2 ≥ a
2
z
− b
2
z−1 for z > 1, we have (see [9, 11])
|∇¯2u|2 ≥
1
n
(∆¯u)2 =
1
n
(∆¯fu+ ∇¯f · ∇¯u)
2
≥
1
n
(
n
m
(∆¯fu)
2 −
n
m− n
(∇¯f · ∇¯u)2
)
=
1
m
(∆¯fu)
2 −
1
m− n
(∇¯f · ∇¯u)2. (3.12)
Substituting this into (3.11) and using the definition (1.3) ofm-Bakry-E´mery
Ricci curvature, we get
0 ≥
∫
N
(Ricmf (∇¯u, ∇¯u)−
m− 1
m
|∆¯fu|
2)e−fdv (3.13)
+
∫
∂N
(
(∆fu+Hf
∂u
∂ν
)
∂u
∂ν
− 〈∇u,∇
∂u
∂ν
〉+ h(∇u,∇u)
)
e−fdµ.
Now since (3.10) holds everywhere in N , we have that
∆¯f cosh ρ(x) = m cosh ρ(x) (3.14)
also holds everywhere in N . Note that ∂N is a geodesic ball of radius ρ0
centered at x0, Ric
m
f ≥ −(m−1) in N and Hf = (m−1)c0 = (m−1) coth ρ0
on ∂N . Substituting u(x) = cosh ρ(x) into the Reilly inequality (3.13), using
(3.14) and integrating by part, we obtain
0 ≥
∫
N
(
− (m− 1)|∇¯u|2 −
m− 1
m
|∆¯fu|
2
)
e−fdv +
∫
∂N
Hf (
∂u
∂ν
)2e−fdµ
=
m− 1
m
∫
N
∆¯fu
(
mu− ∆¯fu
)
e−fdv −
∫
∂N
(m− 1)
∂u
∂ν
ue−fdµ
+(m− 1)
∫
∂N
coth ρ0(
∂u
∂ν
)2e−fdµ
= −
∫
∂N
(m− 1) sinh ρ0 cosh ρ0e
−fdµ+ (m− 1)
∫
∂N
coth ρ0(sinh ρ0)
2e−fdµ
= 0,
where we used the facts ρ = ρ0 and
∂ρ
∂ν
= 1 on ∂N . Therefore, the algebraic
inequality (3.12) assumes equality everywhere for u(x) = cosh ρ(x). Thus
we have
0 = ∆¯f cosh ρ(x) +
m
m− n
∇¯f · ∇¯ cosh ρ(x)
= ∆¯ cosh ρ(x) +
n
m− n
∇¯f · ∇¯ cosh ρ(x)
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holds everywhere in N . Let ω(x) = cosh ρ(x)− cosh ρ0. Then
0 = ∆¯ω(x) +
n
m− n
∇¯f · ∇¯ω(x) (3.15)
in N and ω(x) = 0 on ∂N . Multiplying (3.15) with ω(x) and integrating
over N with respect to e
n
m−n
fdv, we get
0 =
∫
N
ω
(
∆¯ω(x) +
n
m− n
∇¯f · ∇¯ω(x)
)
e
n
m−n
fdv
= −
∫
N
|∇¯ω|2e
n
m−n
fdv +
∫
∂N
ω
∂ω
∂ν
e
n
m−n
fdµ
= −
∫
N
|∇¯ω|2e
n
m−n
fdv
where the third equality is due to the fact ω(x) = 0 on ∂N . Therefore we
have that ω(x) = cosh ρ(x)− cosh ρ0 is constant in N , which is a contradic-
tion. Thus we conclude that m = n. 
Once we have m = n, the last statement of Theorem 1.2 follows from
Theorem 1.1, and we complete the proof of Theorem 1.2.
Appendix A. Manifold with Ricf bounded below
In this appendix, we give a result on the diameter estimate for manifold
(Nn, g) with Bakry-E´mery Ricci curvature Ricf bounded below. By assum-
ing that the function f is bounded, i.e., |f | ≤ k, and Ricf ≥ (n − 1)c
2 > 0
in N , Wei-Wylie [21] proved that the diameter of N satisfies diam(N) ≤
(pi + 4k
n−1)/c. See a different upper bound diam(N) ≤
√
1 + 2
√
2k
n−1 pi/c ob-
tained by Limoncu [13]. The following proposition deals with the manifold
with Ricf ≥ −(n − 1)c
2 for some c ≥ 0 and with nonempty boundary. By
assuming |f | ≤ k for some constant k, we have
Proposition A.1. Let (Nn, g) be an n-dimensional complete Riemannian
manifold with nonempty boundary and f be a smooth bounded function (|f | ≤
k) on N . Assume that the Bakry-E´mery Ricci curvature Ricf ≥ −(n− 1)c
2
for some c ≥ 0 on N , and the f -mean curvature of the boundary ∂N satisifes
Hf ≥ (n− 1 + 4k)c0 > (n− 1 + 4k)c ≥ 0 for some constant c0 > c ≥ 0. Let
d denote the distance function on N . Then
sup
x∈N
d(x, ∂N) ≤


1
c0
, if c = 0
1
c
coth−1 c0
c
, if c > 0
(A.1)
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Proof. As in the proof of diameter estimate (1.5), we have
0 ≤
∫ d
0
(
(n− 1)ϕ′(s)2 − ϕ(s)2Ricf (γ′(s), γ′(s))
)
ds
− 2
∫ d
0
ϕ(s)ϕ′(s)
d
ds
f(γ(s))ds −Hf (γ(d))
=
∫ d
0
(
(n− 1)ϕ′(s)2 − ϕ(s)2Ricf (γ′(s), γ′(s))
)
ds−Hf (γ(d))
+ 2
∫ d
0
d
ds
(ϕ(s)ϕ′(s))f(γ(s))ds − 2ϕ(d)ϕ′(d)f(γ(d)), (A.2)
where in the second equality we used the integration by parts and the fact
ϕ(0) = 0.
If c = 0, by choosing ϕ(s) = s/d in (A.2). Using the assumption Ricf ≥ 0
in N , |f | ≤ k and Hf ≥ (n− 1 + 4k)c0 on ∂N , we have
0 ≤
n− 1
d
+
2
d2
∫ d
0
f(γ(s))ds −
2
d
f(γ(d))− (n− 1 + 4k)c0
≤
n− 1 + 4k
d
− (n− 1 + 4k)c0.
Therefore, we have
d ≤
1
c0
. (A.3)
If c > 0, by choosing ϕ(s) = sinh(cs)/sinh(cd) for 0 ≤ s ≤ d in (A.2).
Using the assumption Ricf ≥ −(n − 1)c
2 in N , |f | ≤ k and Hf ≥ (n − 1 +
4k)c0 > (n− 1 + 4k)c > 0 on ∂N , we have
0 ≤ (n− 1)c coth(cd) +
2c2
sinh2(cd)
∫ d
0
cosh(2cs)f(γ(s))ds
−2c coth(cd)f(γ(d)) − (n− 1 + 4k)c0
≤ (n− 1 + 4k)c coth(cd) − (n− 1 + 4k)c0,
which is equivalent to
d ≤
1
c
coth−1
c0
c
(A.4)

References
[1] Vincent Bayle. Proprie´te´s de concavite´ du profil isope´rime´trique et applications. PhD
thesis, Institut Joseph Fourier, Grenoble, 2004.
[2] Dominique Bakry and M. E´mery, Diffusions hypercontractives, Se´minaire de prob-
abilite´s, XIX, 1983/84, volume 1123 of Lecture Notes in Math., pages 177-206.
Springer, Berlin, 1985.
[3] E. Calabi, An extension of E. Hopf ’s maximum principle with an application to Rie-
mannian geometry, Duke Math. J. 25 (1958), 45-56.
SHARP DIAMETER ESTIMATES FOR COMPACT MANIFOLD WITH BOUNDARY 15
[4] S. -Y. Cheng, Eigenvalue comparison theorems and its geometric applications. Math.
Z. 143(3), 289-297 (1975).
[5] J. -H. Eschenburg, Maximum principle for hypersurfaces, Manuscripta Math.,
64(1989), 55-75.
[6] S. W. Hawking and G. F. R. Ellis, The large scale structure of space-time, Cambridge
University Press, London, 1973, Cambridge Monographs on Mathematical Physics,
No. 1.
[7] Ernst Heintze and Hermann Karcher, A general comparison theorem with applications
to volume estimates for submanifolds, Ann. Sci. Ecole Norm. Sup. 11, 451-470 (1978)
[8] H. Blaine Lawson, Jr., The unknottedness of minimal embeddings, Invent. Math.,
11(1970), 183-187.
[9] Haizhong Li and Yong Wei, f-minimal surface and manifold with positive m-Bakry-
E´mery Ricci curvature, arXiv:1209.0895, to appear in J. Geom.Anal.
[10] Martin Man-chun Li, A Sharp Comparison Theorem for Compact Manifolds with
Mean Convex Boundary, to appear in J. Geom.Anal., DOI 10.1007/s12220-012-9381-
6.
[11] Xiang-Dong Li, Liouville theorems for symmetric diffusion operators on complete
Riemannian manifolds, J. Math Pures Appl., 84(2005), 1295-1361.
[12] Yanyan Li and Luc Nguyen, A compactness theorem for a fully nonlinear Yamabe
problem under a lower Ricci curvature bound, arXiv:1212.0460.
[13] Murat Limoncu, The Bakry-Emery Ricci tensor and its applications to some com-
pactness theorems, Math. Z., 271 (2012), 715-722.
[14] Emanuel Milman, Sharp Isoperimetric Inequalities and Model Spaces for Curvature-
Dimension-Diameter Condition, arXiv:1108.4609.
[15] Frank Morgan, Manifolds with density, Notices Amer. Math. Soc., 52(8):853-858,
2005.
[16] Li Ma and Sheng-Hua Du, Extension of Reilly formula with applications to eigenvalue
estimates for drifting Laplacians, C.R.Acad.Sci.Paris, Ser.I, 348(2010),1203-1206.
[17] Peter Petersen, Riemannian Geometry, Graduate Texts in Mathematics, vol. 171,
2nd edition, Springer-Verlag, New York, 2006
[18] Zhongming Qian, Estimates for weighted volumes and applications, Quart. J. Math.
Oxford Ser. (2) 48 (190) (1997),235-242.
[19] Qi-Hua Ruan, Two rigidity theorems on manifolds with Bakry-E´mery Ricci curvature,
Proc. Japan Acad., 85, Ser. A(2009), 71-74.
[20] Richard Schoen and Shing-Tung Yau, Lectures on Differential Geometry, Interna-
tional Press, 1994.
[21] Guofang Wei and Will Wylie, Comparison geometry for the Bakry-E´mery Ricci ten-
sor, J. Diff. Geom. 83(2009), 377-405.
Department of mathematical sciences, and Mathematical Sciences Center,
Tsinghua University, 100084, Beijing, P. R. China
E-mail address: hli@math.tsinghua.edu.cn
Department of mathematical sciences, Tsinghua University, 100084, Beijing,
P. R. China
E-mail address: wei-y09@mails.tsinghua.edu.cn
